We examine the cosmological evolution equations of de Sitter, flat and anti-de Sitter braneworlds sandwiched in between two n dimensional AdSSchwarzschild spacetimes. We are careful to use the correct form for the induced Newton's constant on the brane, and show that it would be naive to assume the energy of the bulk spacetime is just given by the sum of the black hole masses. By carefully calculating the energy of the bulk at high temperatures we show that the induced geometry of the braneworld is just a radiation dominated FRW universe with the radiation coming from a CFT that is dual to the AdS bulk.
Introduction
Recent years have seen the development of two very interesting ideas in Theoretical Physics: holography and braneworlds. For our purposes, a braneworld [1, 2] is an n−1 dimensional surface (or brane) marooned in some n dimensional AdS spacetime. In [2] , this extra dimension is infinite. Its geometry is warped exponentially and it is this warp factor that ensures that gravity is localised on the brane.
The notion of holography was given substance by the celebrated AdS/CFT correspondance [3, 4, 5] . This states that a theory of gravity in a bulk AdS spacetime is dual to a conformal field theory (CFT) on its boundary. Witten [6] argued that if we give a finite temperature to the bulk AdS by considering AdS-Schwarzchild then we find that the CFT on the boundary is also at finite temperature. He found that we could associate the mass, temperature and entropy of the black hole with the corresponding quantities in the boundary CFT.
In [7] , it was shown that the original Randall-Sundrum braneworlds were equivalent to the AdS/CFT correspondance, with the CFT being cut off in the ultra violet. It is paradoxical to think of a scale invariant theory as having a cut off, so what we actually have is a broken CFT on the brane. As we move the brane towards the boundary we approach the original unbroken version of this duality. Now consider the impact of gravity. When our CFT lives on the boundary, the bulk graviton cannot reach it, and gravity is omitted from the boundary theory. However, for a RandallSundrum brane away from the boundary, the bulk graviton can reach the brane and we find that gravity is coupled to the broken CFT.
This model of Randall and Sundrum contains a flat braneworld, where the cosmological constant on the brane is set to zero. We can, however, adjust the brane tension so that we induce a non zero value for the cosmological constant [8] . Recent observations that our universe may have a small positive cosmological constant suggest that it is these braneworlds that are closer to reality. We shall henceforth refer to flat braneworlds as critical and the dS(AdS) braneworlds as super(sub)critical. As before, we can view these in the context of AdS/CFT [9] . We do indeed find (at least for subcritical walls) that a Karch-Randall compactification is dual to a CFT on the brane, coupled to Einstein gravity.
We wish to examine what happens on these braneworlds when the bulk spacetime is at finite temperature. The pure AdS bulk is once again replaced by AdSSchwarzschild. For a critical braneworld, it was shown [10] that the induced geometry on the brane is exactly that of a standard radiation dominated FRW universe. This radiation is represented by a CFT with an AdS dual description. In this paper, we attempt to reinforce the AdS/CFT duality by considering non-critical braneworlds. There have been previous attempts to do this [11] . However, they used a version for the braneworld Newton's constant G n−1 in terms of the bulk constant G n , that is only valid for critical walls. We use the correct version [12, 13] and find that we need to be more careful in calculating the energy of the bulk AdS. In Appendix A we have shown that we cannot assume the energy is given by the masses of the black holes. By using a procedure similar to that used in [14] , we properly determine the energy of the bulk. We find that we can similarly describe the braneworld as a radiation dominated FRW universe with the radiation coming from a CFT with an AdS dual. Our analysis is restricted to κ = 1 closed brane universes, although it would also be interesting to consider κ = 0, −1.
The rest of this paper is organised as follows: in section 2 we will review the derivation of the equations of motion for the brane embedded in AdS-Schwarzschild. In section 3 we will consider how these equations of motion can be regarded as Friedmann equations for the braneworld. We will properly derive the energy of the bulk spacetime and use this to derive the energy density of the dual CFT. Finally, section 4 contains some concluding remarks.
The Equations of Motion of the Bulk and the Brane
Let us consider two identical n dimensional spacetimes with negative cosmological constant Λ. These are glued together by an n − 1 dimensional braneworld of tension σ. This is described by the following action:
where g ab is the bulk metric and h µν is the induced metric on the brane. K µν is the extrinsic curvature of the brane. It appears with a factor of two in the action because we have two copies of the bulk glued together at the brane. The bulk equation of motion is just given by Einstein's equations with a negative cosmological constant:
This admits the following solution [15, 13, 16] :
where
and k 2 n is related to the bulk cosmological constant by Λ = − (n − 1)(n − 2)k 2 n . The integration constant c distinguishes between the pure AdS solution (c = 0) and the AdS-Schwarzchild solution (c > 0). Meanwhile, dΩ n−2 is the metric on an n − 2 sphere.
We now parametrise the brane using the parameter τ . The brane is given by the section (x µ , t(τ ), Z(τ )) of the general bulk metric. The brane equation of motion is given by the Israel equations for the jump in extrinsic curvature across the brane. We have Z 2 symmetry across the brane so these equations just take the following form:
The extrinsic curvature is defined in terms of the unit normal, n a , to the brane, by the relation K µν = h a µ h b ν ∇ (a n b) . Using the fact that:
we arrive at the equation of motion for the brane:
where a = σ
. This analysis has also been presented in more detail in [17] .
The Cosmology of Non-Critical Braneworlds
We shall now examine in more detail what is happening on our braneworld when it is sandwiched in between two AdS-Schwarzchild spacetimes. The induced metric is given by the following:
Notice that the size of our braneworld is given by the radial distance Z(τ ) from the centre of the black hole. Given this structure we can interpret equations (7) and (8) as giving rise to the Friedmann equations of the braneworld. If we define the Hubble paramater in the usual way (H =Ż Z ), we arrive at the following equations for the cosmological evolution of the brane:
The cosmological constant term in equation (11) is given by a. For a = 0 we have the critical wall with vanishing cosmological constant. For a > 0/a < 0 we have super/subcritical walls that correspond to de Sitter/anti-de Sitter spacetimes. As was discussed in [10, 18] , the brane crosses the black hole horizon for all values of a. Critical walls and subcritical walls extend have a maximum value of Z only, whereas supercritical walls have a maximum and a minimum.
The interesting part of equations (11) and (12) lies in the c-term. This is a bulk quantity that should have some interpretation on the brane. The natural interpretation would of course be that it corresponds to the energy density and pressure of a dual CFT. We will consider c to be large so that the contribution of this "holographic" term is dominant. We will also restrict ourselves to the region in which our braneworld is near its maximum size. This way we avoid the problems one might encounter near the Big Bang and the Big Crunch, aswell as allowing us to make use of Euclidean quantum gravity, as we shall see.
Calculating the energy density of the dual CFT
In order to evaluate the energy density of the dual CFT we first need to evaluate the energy of the bulk spacetime. We could naively assume that the energy of bulk is just twice 1 the mass M of the black holes, where the mass is given by the standard formula [19] :
and Ω n−2 is the volume of the unit n − 2 sphere. However, the derivation [6, 19] of equation (13) includes contributions from the AdS-Schwarzschild spacetime all the way up to the AdS boundary. In our case, we have a brane that has cut off our bulk spacetime before it was able to reach the boundary. We should not therefore include contributions from "beyond" the brane and must go back to first principles in order to calculate the energy of the bulk. See Appendix A to see what happens if we choose the bulk energy to be 2M. We will need to Wick rotate to Euclidean signature:
This is valid provided we restrict ourselves to the region nearŻ = 0, where we have maximal expansion of the braneworld. By considering c to be large we can guarantee that our Euclidean analysis does not stray away from this region. Our bulk metric is now given by:
We wish to avoid a conical singularity at the horizon, Z = Z H where h(Z H ) = 0. In order to do this we cut the spacetime off at the horizon and associate t E with t E + β where
. The brane is now given by the section (x µ , t E (τ E ), Z(τ E )) of the Euclidean bulk. The new equations of motion of the brane are the following:
It is not difficult to see that for both critical and non critical walls, Z(τ E ) has a minimum value. In contrast to Lorentzian signature, in Euclidean signature these branes do not cross the black hole horizon. The supercritical wall that has a maximum value of Z, whilst the critical and subcritical walls may stretch to the AdS boundary. This will not be a problem because the integrand in our overall action will remain finite, as we shall see.
In calculating the energy we could go ahead and evaluate the Euclidean action of this solution and then differentiate with respect to β. We must however, remember to take off the contribution from a reference spacetime [20] . In this context, the most natural choice of the reference spacetime would be pure AdS cut off at a surface, Σ whose geometry is the same as our braneworld.
The bulk metric of pure AdS is given by the following:
As we said earlier, the cut off surface should have the same geometry as our braneworld. The induced metric on this surface is therefore:
To achieve this, we must regard our cut off surface as a section (x µ , T(τ E ), Z(τ E )), where:
Let us now evaluate the difference ∆I between the Euclidean action of our AdSSchwarzschild bulk, I BH and that of our reference background, I AdS .
where K 0 is the trace of the extrinsic curvature of the cut off surface. Now from equations (2) and (5), we can immediately obtain:
The unit normal to the cut off surface, Σ is given by n a = (0, −
). We use this to find:
We will also need the correct form of the measures and the limits in each case. If we say that −
, then we obtain the following (see Appendix B for a detailed derivation):
The factor of two in equations (27) and (28) just comes from the fact that we have two copies of the bulk spacetime in each case. Notice that the expressions for the integrals over the brane and the cut off surface Σ are the same. This is a consequence of the two surfaces having the same geometry. Also using equations (17) and (21), we put everything together and arrive at the following expression for the difference in the Euclidean action:
To proceed further, we are going to have to make things a little bit simpler. As we stated earlier, this analysis is only valid when our bulk is at a very high temperature.
By considering this regime we guarantee that we focus on the "holographic" energy density, and can ignore contributions from matter on the brane. We have not included any such contributions in our analysis so it is appropriate for us to assume that we are indeed working at high temperatures in the bulk. This means then that c is large. To leading order:
For supercritical and critical walls we can assume Z(τ E ) ≫ c 1 n−1 . For subcritical walls this is true provided |a| ≪ 1 (see Appendix C). Given this scenario, we now evaluate ∆I to leading order in c:
The entire leading order contribution comes from the bulk rather than the brane, which is consistent with [6] . We can now determine the energy of our bulk spacetime:
Notice that in this large c limit,
, so for critical walls the choice E = 2M would indeed have worked. Our aim was to calculate the energy of the dual CFT, rather than the bulk AdS-Schwarzschild. We must therefore scale E, byṫ, so that it is measured with respect to the CFT time τ . Recall that we are considering a regime near the maximal expansion of the braneworld. If Z is large,ṫ ≈ σn k 2 n Z and the energy of the CFT is given by:
In order to calculate the energy density we must first evaluate the spatial volume of the CFT:
We are now ready to give an expression for the energy density of our CFT:
The Cosmological Evolution Equations
Now that we have determined the energy density, ρ CF T of our CFT, we can use the following equation [10] to determine the pressure, p CF T :
This yields an expression that is consistent with the CFT corresponding to radiation:
If we are to make sense of the cosmological evolution equations of the braneworld we will need to know the Newton's constant, G n−1 in n − 1 dimensions. In [15] we proposed that:
This is confirmed by perturbative analysis of [2, 12] . Using equation (41) in our expression for ρ CF T gives the more useful expression:
We are now ready to insert this and equation (40) into equations (11) and (12) to derive the cosmological evolution equations for our braneworld:
These are the standard FRW equations in (n − 1) dimensions. The braneworld observer therefore sees the normal cosmological expansion driven by the energy density and pressure of the CFT dual to the AdS-Schwarzschild bulk. We have shown this to be true even for non-critical braneworlds, given that we are in near a region of maximal expansion. The conformal field theory behaves like radiation.
Conclusions
In this paper we have examined the cosmological evolution equations for a braneworld sandwiched in between two AdS black holes at high temperature. We focused on a region near the maximal expansion of the braneworld and found that the contribution of the black hole energy could be exactly associated with the energy density of a CFT living on the brane. One can regard the evolution of the scale factor as being driven by radiation that is represented by a CFT with an AdS dual.
The remarkable thing about this analysis was that it was done in full generality, allowing for all de Sitter, flat, and a large proportion of anti-de Sitter braneworlds. The work of [10] concentrated only on flat braneworlds. Recent observations that we may live in a universe with a small positive cosmological constant suggest that it is important that we extend the discussion at least to de Sitter braneworlds. These have been considered in our paper along with anti-de Sitter braneworlds satisfying |a| ≪ 1.
Given the mounting evidence for holography in the literature, we are not really surprised by our result. What is interesting is the way in which we were forced to prove it. The proof offered by [11] is unacceptable because it relies on the assumption that:
This is true for critical walls, but one should replace k n in the above expression with σ n when one considers non critical walls [12, 13] . We also see in Appendix A that if we had applied the approach of [10] to non critical walls, a factor of
would have appeared in front of the CFT terms in equations (43) and (44). This comes from assuming that the bulk energy is just given by the sum of the black hole masses. As we stated in section 3, this involves an overcounting because it includes energy contributons from "beyond" the brane. The correct calculation of the bulk energy given in this paper ensures that the undesirable factor of k 2 n σ 2 n does not appear. We need not be restricted to considering the energy density and pressure of the CFT. We could also investigate its other thermodynamic properties. This has been discussed for flat walls in [10, 14] . One expects that the corresponding results for non critical walls will add even more evidence to the holographic principle. This analysis will be left for future study.
A Assuming the Bulk Energy is 2M
Here we shall assume that the energy of bulk spacetime is given by:
In order to calculate the energy of the CFT, we should scale E by dt dτ E so that it is measured with respect to the CFT time τ . However, for large Z we have from equation (9):
The energy of the CFT is then:
Since the spatial volume of the CFT is just V CF T = Ω n−2 Z n−2 , we have the following expression for the energy density of the CFT:
where we have used equation (13) . We now introduce the correct formula for the Newton's constant in n − 1 dimensions given by equation (41). This gives:
which when inserted back into equation (11) does not in general give the standard form of the Friedmann equation in n − 1 dimensions:
We note that for critical walls the factor of 
B Limits and Measures for the Action Integrals
Let us consider in more detail each contribution to the action integrals given in equations (22) and (23). We will start by looking at the bulk integral for the black hole action:
From equation (24), we see that R − 2Λ is constant and so does not cause us any problems. Given that the AdS-Schwarzschild bulk is cut off at the brane, Z(τ E ), and the horizon, Z H , we find that:
(53) which is just equation (27) . The factor of two comes in because we have two copies of AdS-Schwarzschild. The factor of Ω n−2 just comes from integrating out dΩ n−2 . We now turn our attention to the bulk integral for the reference action:
Again, R − 2Λ is constant and does not worry us. This time the AdS bulk is cut off at Σ (given by Z = Z(τ E )), and at Z = 0. The periodicity of the T coordinate is β ′ rather than β. The bulk integral for the reference action is then:
′ is fixed by the condition that the geometry of Σ and the brane should be the same. This just amounts to saying that T −1 (±
) where −τ max ≤ τ E ≤ τ max on both Σ and the brane. As illustrated below by changing coordinates to τ E and then t E , we arrive at equation (28):
Consider now the brane integral:
We will use the coordinate τ E to begin with and then change to t E , thus arriving at equation ( We see that our claim holds for supercritical and critical walls. For subcritical walls with a < 0 we need to be more careful. Z min satisfies: for subcritical walls with |a| ≪ 1 and all supercritical and critical walls.
